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Interactions Between Matter and Radiation
Local Thermodynamic Equilibrium

(discussion from Andrews, Section 3.1.2)

Previously we discussed the equilibrium distribution of photons at a temperature T in an Ôideal gasÕ 
of photons. This led to the Planck function. The molecules of gas in the atmosphere also form an 
ideal gas, and the number of molecules in a given state (on average in equilibrium) depends on the 
energy (E) of that state in a similar way.  The numbers n1 and n2 of molecules in states of energy E1 
and E2 (and with statistical weights, or degeneracies g1 and g2) occur in the ratio: 

This is known as the Boltzmann distribution.  There must be some collisions between molecules in 
order that thermodynamic equilibrium can even exist - but they are rare enough for the conditions 
of an ideal gas to exist. 

Similarly, in order for radiation and air molecules to be in equilibrium at the same temperature, 
there must be some interactions between photons and matter. Yet in order that both the 
Boltzmann distribution for matter and for radiation can be maintained, these interactions have to be 
sufÞciently weak. 

n1

n2
=

g1

g2
e−(E1−E2)/kT
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Interactions Between Matter and Radiation
Local Thermodynamic Equilibrium

(discussion from Andrews, Section 3.1.2)

One typical time characterizing the radiation-matter interaction is the lifetime of excited states of a 
molecule ! d (The idea is that as the molecule makes a transition back to its ground state, it will 

emit a photon - this will be discussed further on). If the mean time between collisions of the 
molecule is ! c  (and this depends on pressure), weak matter-radiation interaction means that  ! c  

<<  ! d  - which means that many molecular collisions occur before a transition within a molecule 

to produce a photon. Since  ! c  increases as the pressure  decreases (the fewer molecules are 

around), this approximation will eventually break down in the upper atmosphere.

The atmosphere does not have a uniform temperature, since T decreases systematically with 
height. However, for high enough pressures, molecular collisions are are rapid enough compared to 
radiative transitions the we can speak of a local thermodynamic equilibrium characteristic of a local 
temperature.

In other words, temperature changes in height are gradual enough on a molecular scale that we can 
invoke equilibrium ideas.
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Radiometric Quantities:

The spectral radiance (monochromatic radiance):  measures the radiation 
going in a speciÞc direction with a speciÞc frequency.  We have already seen 
this for black body radiation - the black-body spectral radiance is just the 
Planck function Bν(T). 

The radiance is just the spectral radiance integrated over all frequencies. It 
measures the total radiation going in a speciÞc direction.

The spectral irradiance measures the radiation going through a surface at any 

angle≤ 90o to the surfaceÕs normal at a speciÞc frequency. It is obtained by the 
spectral radiance by integrating over solid angles. 

The irradiance, or ßux density, measures the total radiation going through a 
surface (from ÒbelowÓ to ÒaboveÓ) at any frequency. It is obtained by integrating 
the radiance over solid angles.
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The spectral radiance            is the power 
per unit area, per unit solid angle, and per
unit frequency ν at a point r, in the direction
of the unit vector s. (units of W m-2 steradian-1 Hz-1).

The radiance can be visualized in terms of
photons emerging from a small area ΔA: 
consider those photons whose momentum 
vectors lies within a cone of small solid angle
ΔΩ centered on direction s, and whose 
frequencies lie between ν and ν + dν.

Then the energy transferred by these photons, per unit time, from one side 
(ÓbelowÓ) to the other (ÓaboveÓ) the area is given by:   

L! (!r,!s)

L! " A "# "!
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The radiance                is the total power per unit area, per unit angle at a 
point r in the direction of the unit vector s. (units of W m-2 steradian-1)

It is obtained by integrating the spectral radiance over all frequencies:

The spectral irradiance, or monochromatic irradiance               is the 
power per unit area, per unit frequency interval near frequency ν, at a 
point r, through a surface of normal n, (units of W m-2 Hz-1). It is obtained 
from the spectral radiance by integration over a hemisphere:

We integrate over all photons with
frequency near ν that emerge from
below the plane to above the plane  

L(!r,!s)

L(!r,!s) =
Z !

0
L" (!r,!s)d" (1)

F! (!r,!n)

F! (!r,!n) =
Z

2"
L! (!r,!s)!n·!sd# (!s) (2)
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The irradiance, or ßux density,            is the power per unit area at a point 
r through a surface of normal n. It is the integral of the spectral irradiance 
over all frequencies, or alternatively and equivalently, the integral of the 
radiance           over a hemisphere:

It is important to remember that the irradiance still has a direction 
associated with it - either upward or downward if the surface in the picture 
on the previous page is horizontal. The upward ßux density through this 
surface comes from photons which are distinct from the downward ßux 
density. In order to distinguish the two densities, we introduce the notation 

of F↑ for the upward ßux and F↓ for the downward ßux. 

The net upward power per unit area, called Fz, is just:

F(!r,!n)=
Z ∞

0
Fν(!r,!n)dν

=
Z

2π
L(!r.!s)!n·!sdΩ(!s) (3)

F(!r,!n)

L(!r,!s)
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The net upward power gives the net rate of energy gain of the half space 
above the plane due to radiation. 

Evaluation of black body radiation. We had written that: 

was the black body spectral version of the spectral radiance Lν, independent 

of direction (i.e. black body radiation is isotropic). Then equation (2) for the 
spectral irradiance becomes: 

where φ is the angle between s and the normal n,  and d! = 2π sin(φ) dφ since there is 
axisymmetry about the normal. 

Fz = F! " F# (4)

Bν(T) =
2hν3

c2(e( hν
kT ) ! 1)

Fν(!r,!n)=
Z

2π
Lν!ná!sdΩ(!s)

=2πBν

Z π/ 2

0
cos(φ)sin(φ)dφ

=πBν(T) (5)
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Integrating over all n as in equation (3) gives us the irradiance, or ßux density for 
black body radiation:

This is known as the Stefan-Boltzmann law.

Interaction of Radiation with Matter

Solar Radiation - Discrete Processes
" Solar photons may be destroyed (absorbed) by molecules, which then make a transition 
into an excited quantum state. Since the energy of the photon is h",  the energy difference #E between 
the excited molecular state and the ground state (where the molecule usually is) must match the 
energy of the photon:  #E  = h" .  For the typical energy in a solar photon, #E  corresponds to the 
energy needed to up an orbital electron into a higher energy level. The resulting excited state has a 
limited lifetime, after which one of two possibilities occur:

(a) Scattering - The electron falls back into the ground state, re-emitting (or creating) a photon of energy
 #E  and frequency "   (both being the same as the original photon) - but in a random direction.  (This 
process is called radiative decay). This is an example of scattering. 

(b)Thermalization - Remembering that the typical collision time is much less than the radiative life time
of excited states (a condition for equilibrium to exist), in general we would expect that molecular 
"

F(!r,!n) = π
Z ∞

0
Bν(T ) dν = σT 4 (6)
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collisions will occur before re-emission of a photon. Then the energy #E is transferred to other forms 
of energy - the original photon is then said to be absorbed. If kinetic energy is formed, this is quickly 
shared with other molecules via collisions and leads to local thermodynamic heating. 

Solar Radiation - Continuum Processes
"
(a) Scattering - These processes occur over broad ranges of frequencies, and do not correspond to 
well deÞned energy levels. The molecules involved include atmospheric gases and solid/liquid particles
suspended in the atmosphere (aerosols).  

In the case of scattering by atmospheric constituent gas molecules, their dimensions are much less than 
the wavelength of the solar photons, and the process is referred to as Rayleigh Scattering.

In the case of scattering by aerosol particles (such as dust and smog), the particle dimensions are 
comparable to the wavelength of the the solar photons - the scattering is called Mie Scattering.

(b)Absorption - For very high energy photons, we can have photo-dissociation, that is the breakup of 
molecules into constituent atoms as in the set of Ozone reactions in the stratosphere. We can also
have photo-ionization, in which outer electrons are stripped from the atoms.  

Terminology: Extinction is the loss of energy from a incoming beam of solar photons. It can occur 
through either absorption or scattering. 
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Thermal (terrestrial) Radiation

Thermal photons may be absorbed and scattered in a similar manner to solar photons - they can also
be emitted by the inverse process to absorption, with energy being drawn from molecular kinetic
energy.  This leads to local (thermodynamic) cooling of the atmosphere.  

The typical infra-red frequencies involved here are too small, however, for the corresponding 
 #E = "  to match the excitation energy of orbital electrons. Rather,  #E corresponds to a 
difference between the energies of pairs of quantized vibrational or rotational states of the molecule.
A good basic discussion of the vibrational and rotational states of molecules is given in Section 3.3.1 
of Andrews.
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Extinction and Emission
Consider a beam of radiation of unit
cross-section, moving in a small range of
solid angles dΩ about the direction s (as 
in Figure 3.5). If the photons are lost (absorbed
or scattered) in a small distance ds along the
beam by molecules of gas or aerosols, then
the spectral irradiance L"  will be reduced. 

This is the basis for LambertÕs Law, which
states that the fractional decrease of spectral
radiance is proportional to the mass of the
absorbing (or scattering) material encountered
in the beam in a distance ds. Since the beam
has unit cross-sectional area, this mass is
just given by $a ds, where  $a is is the density of the radiatively active molecules, which may not be

the same as the total gas density.

where k"  (the extinction coefÞcient) is just given by the sum of an absorption coefÞcient a"  and a 

scattering coefÞcient s"  :

Note that the extinction coefÞcient is in general a function of temperature and pressure also. 

k! = a! + s! (8)

dLν=−kν(s) ρa(s) Lν(s) ds (7)
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Extinction and Emission (conÕt)
Since the gas in general will also be emitting photons of frequency v, an extra term, a source term has 
to be added to the right hand side of equation (7). The source term represents the power per unit 
area per unit frequency added to the beam by emission and scattering.  This term will also be 
proportional to the mass  $a ds, and so we write it as  kν $a J"  ds with J" (s) called the source 

function. Including the extinction and the emission terms we therefore get the radiative-transfer 
equation, or SchwarzschildÕs equation: 

With kν,   $a   and J"  all functions of distance (s) , we can write a formal solution to (9) by deÞning an 

optical path %" : 

Using equation (10) in (9):  

dχν(s)= kν(s) ρa(s) ds (10)

χν(s)=
Z s

s0
kν(s!)ρa(s!) ds! (11)

dLν
ds

=−kν(s)ρa(s)(Lν−Jν) (9)

dLν
ds

=
dLν
dχν

dχν
ds

=
dLν
dχν

kν(s)ρa(s) (12)
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Setting the right-hand sides of equations (9) and (12) equal to each other: 

Multiplying both sides of (13) by         we obtain:

which can easily be integrated to:

where C is a constant. If the spectral radiance equals L" 0 at the point s=s0, or at %"  = 0 by equation 

(11), then:

dL!

d" !
=! (L! ! J! )

dL!

d" !
+L! = J! (13)

eχν

e! "
dL"

d! "
+L" e! " =

d
d! "

(L" e! " )=J" e! " (14)

Lνeχν=
Z

Jνeχ
!
ν dχ!

ν+ C (15)

L! (s)=
Z " !

0
J! (" ′)e−(" ! −" ′)d" ′+ L! ,0e−" ! (16)
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Note that, if there is no emission (J=0), the spectral radiance falls exponentially (BeerÕs Law).  

Recalling the deÞnition of the optical path %"  in equation (11), we note that a region between two 

values of the variable s is said to be optically thick at a frequency n if the total optical path  %"   is > 1, 

and optically thin if the total optical path < 1.  A photon is much more likely to be absorbed or 
scattered within an optically thick region than in an optically thin region.

Simple example to help interpret Equation (16):
The extinction coefÞcient k"  and the absorber density $a do not depend on path length (s), i.e. they 

are constants within the gas, then % = ( k"   $a s )  and the optical path is proportional to s. If the 

starting point of our integration is s0 = 0, then equation (16) becomes:

 

The 2nd term on the right hand side represents the radiance starting at s = 0, attenuated by an 
exponential factor due to extinction over the distance s, while the integral represents the sum of 
contributions emitted from elements dsÕ at different distances along the path, each attenuated by the 
remaining distance between sÕ and distance s. 

Lν(s)= kνρa
Z s

0
Jν(s!)e" kνρa(s" s!)ds! + Lν,0e" kνρas (17)

L! (s)=
Z " !

0
J! (" ′)e−(" ! −" ′)d" ′+ L! ,0e−" ! (16)
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Application of KirchoffÕs Law.
Repeating equation (9)

we see that the radiance emitted from a mass $a ds of gas in the beam is k"  $a J"  ds, and radiance 

absorbed  k"  $a L"  ds. Hence the spectral emittance (= ratio of the emitted radiance to the radiance 

emitted by a black body) , is 

The spectral absorptance ( = the fraction of incident radiation that is absorbed), is:

Under conditions for which KirchoffÕs Law holds (radiation in local thermodynamic equilibrium
at the same temperature as the gas), we have the emittance in (18) = absorptance in (19), so that:

and we can replace the general source term J with the black-body form B.   

dL!

ds
=−k! (s) " a(s)(L! −J! ) (9)

! " = k" #a J" ds/ B" (18)

αν=kν ρa Lνds/ Lν = kν ρa ds (19)

Jν = Bν (20)
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The Diffuse Approximation

Radiative calculations often assume that the properties of the atmosphere and radiation 
depend only on the vertial coordinate z (Plane-parallel assumption).  The net irradiance, which 
takes into account photons moving in the opposite direction, is just given by (4):

In general we would have to integrate the radiance given by equation (16)

over frequency and all solid angles (directions of the beam). 
A very simple approximation which is useful is called the diffuse approximation.  This states that 
we can simply replace 

by the single equation

for the downward spectral irradiance      along a vertical path where we have used KirchoffÕs 
Law to set J = B, and where we deÞned a scaled optical depth: 

Since we consider only the vertical direction, the general deÞnition of optical depth given in    

Fz = F! " F# (4)

L! (s)=
Z " !

0
J! (" ′)e−(" ! −" ′)d" ′+ L! ,0e−" ! (16)

dLν
dχν

+ Lν = Jν (13)

dF↓
ν

dχ∗ν
+F↓

ν = πBν (21)

χ!
ν " 1.66χν (22)

F↓
!
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equation (11) is replace by a more speciÞc one which increases downward from the top of the 
atmosphere (z=0):

Absorption of Ultra-violet (solar) and Infra-Red radiation by 
atmospheric gases. (Section 3.5 of Andrews)

The Þgures on the next pages show the absorption of incoming solar radiation by the 
atmosphere as a function of wavelength, and the absorption of outgoing long-wave radiation.

The absorption of incoming solar radiation is shown by comparing the spectral irradiance of 
solar radiation at the top of the atmosphere with that at sea-level.

The absorption of infra-red is shown by plotting the fraction of radiation leaving the ground 
that is absorbed by the whole atmosphere (and the fraction that is transmitted). 

! " (z) =
Z #

z
k" (z!)$a(z!)dz! (23)
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Absorption of Solar Radiation
(Andrews, Figure 3.13)

Infrared
& > 700 nm 

Ultra-Violet
& < 400 nm

Visible
&~400-700
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Infra-Red Absorption
Figure 3.14 from Andrews

Gases shown as 
absorbers are all minor 
constituents (the major 
constituents O2 and N2 

do not absorb in the 
infra-red). All but ozone 
are concentrated in the 
troposphere. Note the 
Òatmospheric windowÓ 
at & ~ 8-12 µm

A
bs

or
pt

an
ce

Water vapor absorbs strongly over a broad band &~ 6.3 µm (molecular vibrations), and over a 
narrow band &~ 2.7 µm (molecular vibrations). For & > 16 µm, rotational transitions become 
important for water vapor.  
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Infra-Red Absorption (conÕt)
Figure 3.14 from Andrews

Carbon dioxide CO2 is a 

strong absorber in a broad 
band  &~ 15 µm 
(vibrational mode) and a 
narrower band &~ 4.3 µm
(also a vibrational mode). 

A
bs

or
pt

an
ce

Ozone O3 absorbs for &~ 9.6 µm (vibrational modes). Note that Fig 3.14 does NOT show the 

emission of radiation by gases within the troposphere. 
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Summary of absorption of far ultra-violet radiation (Figure 3.17 of Andrews)

Plotted is the altitude of unit optical* depth for vertical solar radiation

! " (z) =
Z #

z
k" (z!)$a(z!)dz! (23)* deÞnition of optical depth:
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dF↓
ν

dχ∗ν
+F↓

ν = πBν (21)

The Greenhouse Effect revisited
(Andrews)

We build a slightly more complicated model of atmospheric radiation than the single-layer 
atmosphere we have used before. We assume that:
(1) the atmosphere is transparent to solar radiation- short-wave solar radiation is absorbed at the 
ground. Downward short-wave radiation is neglected. Also, we neglect solar LW radiation.
(2) we use the diffuse approximation for long-wave radiation - equation (21) reproduced below

(3) we assume the atmosphere is grey; by this we mean that the extinction coefÞcient k 
is independent of " ,  and therefore so is the scaled optical depth %*.

Integrating (21) over frequency,  we obtain:

A similar equation holds for the upward long-wave radiation (derived in exactly the same manner),
except that since the optical depth decreases upwards, we must change the sign of the derivative with 
respect to optical depth.

One way to check that the sign in (25) is correct is to note that if B = 0, then F ~ e %*, but since %* 
decreases upwards, this gives decreasing upward radiation with height, which is correct.  

!
dF"

dχ#
+F" = πB (25)

dF!

dχ"
+ F! = πB (24)
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Note that B represents the integral over all frequency "  of the Black-Body function B"  deÞned earlier:

In general, the net heating of the atmosphere is due to the convergence of the net ßux of radiation. 
The net upward long-wave irradiance, Fz is:

Hence the net heating per unit mass Q is given as:

For this simple calculation, we consider the atmospheric overall radiation budget in equilibrium (no net 
heating). In equilibrium, the net heating of the atmosphere due to long wave radiation alone must 
vanish, whence the vertical derivative of Fz must vanish:

where C is a constant. To obtain C, consider the boundary condition at the top of the atmosphere, 
where %* = 0.  The downward ßux of long-wave solar radiation is by deÞnition 0, so the total 
downward long-wave radiation ßux must vanish at the top of the atmosphere.
The net  irradiance at the top of the atmosphere is given by the upward component:

B(T)=
Z

dνBν(T) =
1
π
σT4 (26)

Fz = F! " F# (4)

ρ(z)Q=−dFz

dz
(27)

Fz=F↑−F↓ = C (28)

F! (0) = 0
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where we have also written the balance for the whole earth-atmosphere system, namely downward 
short-wave solar ßux (given by F0) must balance net upward long-wave ßux at the top of the 

atmosphere. This was written down just at the top (%* = 0), but since Fz = C by (28), we see that the 

constant C is F0, so that (29) holds everywhere.  

Now to solve the system.  Add equations (24) and (25) to get:

Also subtract equation (25) from (24) to get:

where we have used (29).  Since the difference in ßuxes in (30) is a constant, the derivative vanishes:

We can integrate (31)  to get:

where D is a constant, which we get by using the upper boundary condition, namely at %* = 0 the 
downward ßux vanishes and the upward ßux is just F0. Hence D = F0, and:

Fz=F↑−F↓ = F0 (29)

!
d
dχ"

!
F# ! F$" +F#+F$=2πB(T ) (30)

! B(T ) =
1
2

!
F ! +F " " (32)

!
F! + F" " = F0χ# + D (33)

d
d! ∗

!
F↑+F↓"=F↑−F↓ = F0 (31)

(
F ! +F ")=F0(1+ ! #) (34)
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Taking (34) + (29) and (34)-(29) we get:

and using (32), we derive an expression for the temperature:

! B(T ) = " T 4 =
1
2
F0(1+#∗) (36)

F ↑ =
1
2

F0(2 + ! ∗)

F ↓ =
1
2

F0! ∗
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We have solve the problem for the temperature in the atmosphere. Now consider the balance at the 
ground, which has temperature Tg. From the Þrst equation of (35) (solution of the upward ßux), the 

upward ßux just above the ground (given by % = %0)  is:

Assuming that this irradiance is due to the black-body emission of the ground, we get:

Clearly Tg is greater than the equivalent black-body temperature associated with F0, so there is a 

greenhouse effect. 

BUT:  The temperature of the air just above the ground (Tb) is given by (36):

From (38) and (39) we see that:

so the radiative model gives a discontinuity in T at the surface. The ground is warmer than the air at 
the surface, and in the real world convection and turbulence will lead to upward transport of heat. 
The radiative equilibrium itself is unstable.  

! B(Tg) = " T 4g = F0(1+
1
2
#!
0) (38)

F! (! 0) = F0(1+
1
2
! "

0) (37)

! T4
g ! ! T4

b =
1
2
F0 (40)

! B(Tb) = " T 4
b =

1
2
F0(1+#!

0) (39)


