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The Physical Climate System

Black Body Radiation: A Closer Look
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Black Body Radiation: A Closer Look

Electromagnetic radiation consists of a collection of photons, whose 
statistical properties depend on T and on the volume V of the 

enclosure in which the electric and magnetic fields exist. The electric 
field E satisfies a (non-dispersive) wave equation in a vacuum:

whose solution is a transverse plane wave of the form:

where:

k is the magnitude of the wave vector, and c the speed of light.

∇2!E =
1
c2
∂2!E
∂t2

!E = !Aei(!k·!r−ω t)

ω= kc



 David  Straus
George Mason University / COLA

3

Black Body Radiation: A Closer Look

Some important considerations from quantum mechanics:

• Light can also be thought of as consisting of particles - photons

• The energy of a photon is given by:

εω=h

Here ε  is the energy, ω the angular frequency, and 

where h is Planck’s constant (6.63 x 10-34 Joule sec) and 

øh≡ 1
2!
h

ε = h̄ω = hν

ω= 2πν
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Black Body Radiation: A Closer Look

The wave function of a photon can be 
taken from the plane wave classical 
solution to Maxwell’s equation (in a 
vacuum):

The frequency is ω is given by:

Here k is the wave vector, and c the 
speed of light.

Note that Maxwell’s equations tell us 
that the direction of the field vector 
E is transverse to the direction of 
wave propagation (the direction of 
the vector k)

()ikrtEAeω⋅−=rrrr

kckcω==r

!E = !Aei(!k·!r−ωt)

ω= !!k! c= kc
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Black Body Radiation: A Closer Look

The basic relations for the energy e and the vector momentum p of a 
photon are:

From Maxwell’s equations in a vacuum in the absence of electric 
charges, we have:

which leads to:

for the plane wave state. Thus the direction of the electric field is 
transverse to the direction of propagation, which is the direction along 
which k points. There are two possible components of the vector A, both 
perpendicular to the direction of propagation. There are the two 
components of polarization.

!∇ · !E = 0

ε=øhω
!p=øh!k

!ká!E = 0
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Black Body Radiation: A Closer Look

Quantum mechanics tells us that light can also be thought of as 
consisting of particles, or photons. 

We can consider the “state” of a photon (or particle of light) as being 
described by an energy ω,  and a direction of propagation (given by the 
direction of the wave vector k), and a direction of polarization. 

We want to use statistical mechanics to figure out how many  photons 
we can can expect in each single-photon state on average in thermal 
equilibrium at temperature T.  Once we know how many photons we have 
on average for each photon state, and we know the energy of that state, 
we can derive the black body spectrum- the energy flux as a function of 
frequency ν or wavelength λ.  Note that ν = 2πω = c/λ,   

(with λ = 2π / k = c / ν). 

Note the words “on average” - the number of photons in each state can 
will fluctuate, but we only want the average over a very large number of 
states of the whole system all consistent with temperature T. 
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Black Body Radiation: A Closer Look

How do we describe the state of the whole system in terms of single particle states? - We can 
illustrate the case for photons with a very simple table. Suppose there are only 3 single-
photon states, labelled r=1, r=2 and r=3. (Each single-photon state corresponds to a different 

value of the vector k and/or different polarization.) Suppose there are only 2 photons. 

The distinct states of the whole system are given as follows:

The numbers give the

numbers of photons in

each single-photon 

state. 

Each row is a 

single state of the 

whole system. 

r=1 r=2 r=3

2 0 0
0 2 0
0 0 2
1 1 0
1 0 1
0 1 1
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Black Body Radiation: A Closer Look

Of course this example is extremely simplified - the numbers of states 
and numbers of photons are very, very large.  In addition, the total 
number of photons is not fixed.

It is a good approximation to consider the photons as an “ideal gas” in 
the sense that they do not interact with each other, so that the energy 
of the state of whole system R is just given by the sum of the energies 
of all the single-photon states (weighted by the number of photons in 
those states): 

where r labels the single photon state energy and the energy of each 
single-photon state depends on its frequency as before:

ER = !
r
nr" r (3)

ε= h̄ω
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Some Basic Concepts from Statistical Mechanics

Relationship Between Thermodynamic (or macro) States and Microsopic 
States of A System

A micro-state describes the states of each particle (e.g. molecule of gas, 
or in this case photon). In our notation a micro-state is denoted by the 
subscript R.

A macro-state describes the “average” properties, such as average 
kinetic energy of all particles - which is related to the thermodynamic 
variable temperature (T)

The extreme scale separation between inter-molecular distances (very 
small) and the distance over which macro variables (such as T, p, and 
even wind speed) vary allows for a rigorous theory relating the 
detailed quantum state of the system to hydrodynamics and 
thermodynamics (describing the large scale state)
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Some Basic Concepts from Statistical Mechanics (con’t)

Relationship Between Thermodynamic (or macro) States and Microsopic 
States of A System

In this theory, a given macro-state can correspond to a number of micro-
states. Thus a system at a given temperature will not in general be in 
one given micro state R, but will fluctuate between different states R. 
A macroscopic average of any microscopic variable is then given as:

where AR is just the value of A in the macro-state R, and 

where k = Boltzmann’s constant = 1.38 x 10-16 ergs/K. Thus although 
states with large energy (compared to kT) are allowed, their weighting is 
very small.

〈A〉 =
∑

R AR e−βE R

∑
R e−βE R

β =
1

kT
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Black Body Radiation: A Closer Look

Returning to the ideal gas of photons, let the property A be ns , the 

number of photons in the single-photon state s. Then: 

Since the states of the system R are just given by the numbers of

photons in each single-photon state: n1,n2,n3,...the above equation can 

written as:

〈ns〉 =
!

R nse−βER

!
R e−βER

〈ns〉 =
∑

n 1,n 2,... nse! ! (n 1" 1+n 2" 2+··· )
∑

n 1,n 2,... e! ! (n 1" 1+n 2" 2+··· )
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Black Body Radiation: A Closer Look

NOTE: We are doing the sums over all possible numbers n1,n2,n3,... 

without trying to conserve the total number of photons. This simplifies 
the math, but is allowable here because in thermal equilibirium, photons 
are always being absorbed and emitted by the walls of the cavity, and so 
their total number is not conserved. 

The simplification is seen in equation (4), for the exponential of the sum 
can be written as the product of the exponentials, and all factors except 
that involving state s cancel out in the numerator and denominator.  
Then we are left with:

But the numerator of the above equation can be written as:

1/(1)ne!" =#h

∑
ns
nse−β(nsεs) = −1

β
∂
∂εs
∑
ns
e−β(nsεs) (6)

〈ns〉 =

∑
n s

nse! ! (n s" s)

∑
n s

e! ! (n s" s)
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Black Body Radiation: A Closer Look

1/(1)neβω=−h∞

∑
ns=0

e−βnsεs = 1+ e−βεs + e−2βεs + · · · =
1

1− e−βεs
(8)

〈ns〉 =
1
β

∂

∂εs
log

(
1 − e! ! " s

)
=

e! ! " s

(1 − e! ! " s )

〈ns〉 = − 1
β

∂

∂εs
log

(
∑

ns

e−β(nsεs)

)
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Black Body Radiation: A Closer Look

or finally:

(where we have dropped the subscript s; just remember that ω refers to the 
frequency of the single-particle state). This is one form of the Planck 
distribution.

Note:
Photons are said to follow Bose-Einstein statistics, in contrast to particles such as 

electrons, for which only one particle can occupy a given state, such as an 
particular orbit in an atom - electrons are said to follow Fermi-Dirac statistics

Electrons are an example of a class of particles called Fermions - they have half 
integer spin.

Photons are an example of a class of particles called Bosons. which have integral 
spin

1/(1)neβω=−h

!ns" =
1

eβε # 1
=

1
eβ! ω # 1
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Black Body Radiation: A Closer Look

Now we have to count how many single particle states there are!

Discrete Wave States Allowed by a Cavity

Let the container (or cavity) by a giant cube with the dimensions:

We will use periodic boundary conditions, which state that the plane 
waves are equal on opposite boundaries:

for all possible vectors k.

(Eventually we will let the cavity become infinitely large, so the boundary 
conditions and shape will not matter)

(L1,L2,L3) = !L

ei!ká!r= ei!ká(!r+!L)

ei!ká!L= 1
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Black Body Radiation: A Closer Look

This leads to the set of conditions:

where the integers (m1,m2,m3) define a fine mesh in the 3-dimensional 

space whose x,y,z axes are k1,k2,k3. (Note that since the L’s are very 
large, successive values of any integer m give corresponding values for 
a component of k which are very close to each other.)

Now define the density of states         so that:

is the number of states in a small volume d3k in wave vector space, that 
is the number of states for which the x-component of k lies between k1 
and k1+dk1, the y component between k2 and k2+dk2, and so on.  

ρ(!k) ρ(!k)d3k

(k1, k2, k3) = (2π)
(

m1

L1
,
m2

L2
,
m3

L3

)
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Black Body Radiation: A Closer Look

Also let Δm1 be the range of integers for which the x-component of the 

vector k lies between k1 and k1+dk1, and similarly for Δn2 and Δn3. 

Then:

The number of allowed states per unit physical volume (for one direction 
of polarization) is then given by:

where V = L1L2L3 is the physical volume.

ρ("k) d3k = ∆m1∆m2∆m3

=
L1L2L3

(2π)3
dk1dk2dk3

1
V

! ("k) dk1dk2dk3 =
1

(2#)3
dk1dk2dk3
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Black Body Radiation: A Closer Look

The mean number of photons associated with a small increment in k-
space (per unit physical volume, and for each direction of polarization) is 
given by the density of states times the mean number of photons in each 
state.

If we define the mean number of photons in an increment of k-space as

               we then have:

 

f (!k)d3k

f(!k) =
1

(e! !" − 1)
1

(2" )3

f(!k) d3k = f(k) d3k = 〈n〉 1
V

ρ(k) d3k
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Black Body Radiation: A Closer Look

Consider a cavity in thermodynamic equilibrium, with a radiation 
field (an ideal gas of photons) whose statistical properties are 
isotropic, homogeneous, and independent of polarization

What is the energy flow per unit time across any hypothetical small 
area ΔA (and normal to the area) inside the cavity? (see picture 
on page 18)

Photons with energy and direction associated with the vector k 
which will impact this area  in a time interval Δt, lie in a volume 
given by  Δs ΔA  = c Δt ΔA 

Remembering that                 is the density of photons with a wave 
vector in the neighborhood of k, the total number of photons 
that strike the body per unit area, per unit time, with wave 
vector near k, is just c times this density.

Since each photon carries energy                 the energy flux per unit 
time across the area in the normal direction, associated with 
photons in the neighborhood of k is just:  

f (!k)d3k

øhω
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Energy flow per unit time of radiation with wavenumber k across 
any hypothetical small area ΔA (and normal to the area) 

Figure 3.3
Andrews 

k

�ö s
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where we have expanded the volume element d3k, and then 
expressed in terms of ω using k = ω / c . 
 Using the expression for f(k) given previously:

we obtain, after a little simplification, for the energy flux crossing 
unit area (in the normal direction) per unit time:
 

f (!k)=
1

(e øhω
kT −1)

1
(2π)3 =

1

(ehνkT −1)
1

(2π)3

hν3

c2(e( hνkT )−1)
dνdΩ

c!ωf(k)d3k = c!ωf(k) k2 d!

= c!ωf(k)
ω2

c3
dω d!
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Multiplying by 2 (for 2 directions of polarization), we obtain the Black 
Body formula for the spectral radiance, namely the energy per unit 
time (or power) crossing unit area (in the normal direction) per unit 
solid angle and per unit frequency interval. The Black Body spectral 
radiance is written as:

and is known as the Planck function. Using ν = c / λ , and 

dν = -c / λ2 dλ, we can write the Black Body spectral radiance as the 
energy per unit time crossing unit area (in the normal direction) per 
unit solid angle and per unit wavelength interval as: 

Bν(T ) =
2hν3

c2(e( hνkT ) ! 1)

B! (T ) =
2hc2

! 5(e( hc
k! T )−1)
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From Andrews 

Bλ for T = 6000 K (characteristic of the sun) and for T = 288 K 

(characteristic of the Earth). Note the use of log scale on both axes. 
Note also that the “sun” curve lies above the “earth curve” for all 
wavelengths 

Ultra-violet Infra-red 
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If Bλ is integrated over all wavelengths, we obtain the (total) black-body 

radiance:

where σ is the Stefan-Boltzmann constant:

(Note that here k is the Boltzmann constant) 
We can re-write the integral using ln(λ) as the integration variable:

 

Z !

0
B" (T ) d" =

Z !

0

2hc2

" 5(e( hc
k" T )−1)

d"

=
#
$
T 4

σ=
2π5k4

15h3c2 = 5.67! 10" 8Wm" 2K" 4

T−4
Z !

−!
" B" (T)d(ln" ) =

#
$
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Since T is a constant for this integral, we can move it inside the 
integral sign. This then suggests plotting:

against ln(λ): the area under the curve is then a constant, 
independent of T.  

T−4λBλ(T )

Figure 3.2 of
Andrews
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Why the term “Black Body?”

A “black body” is defined as a body the completely absorbs all 
radiation falling on it. Imagine a very large black body with a cavity in 
the middle. The radiation field in the cavity is in equilibrium at a 
temperature T, which is the same temperature as the solid material 
surrounding the cavity. 

This requires that the solid material absorbs all the radiation falling on 
it (hence it is a black body). Since the solid material is in equilibrium, it 
must also emit the same amount of radiation (otherwise it would cool 
down or heat up). The emitted radiation is given by the radiance Bλ we 

have just derived.

The concept of a black body is an idealization; a real body will not emit 
as much radiation Bλ as a black body; it will also not absorb all the 

radiation that strikes it.
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We thus define the emittance and the absorptance of a body:

The spectral emittance εν is the ratio of the spectral radiance emitted 

from that body to the spectral radiance from a black body at the same 
temperature: εν  ≤ 1. 

The specral absorptance  αν  is the fraction of energy per unit frequency 

interval falling on the body that is absorbed.

(Note the asymmetry in the definitions!)

Kirchoff’s Law states that εν = αν  .

This holds in equilibrium at a given temperature T.

A simple “proof” (from Thomas and Stamnes):

Consider a black body cavity, and put a small opaque surface in the 
middle. (Opaque means there is no transmission of radiation- all 
radiation falling on one side of the surface is either absorbed or 
reflected.) 

The surface is small enough in relation to the black body cavity that the 
radiance everywhere is given by the black body radiance Bν. 
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Imagine the surface is placed horizontally. Just above the surface, the 
upward radiation consists of the radiation reflected off the surface 
(radiance Rν) and the emitted radiance (εν). They add up to the black 

body radiance Bν  because we assume that the presence of the surface 

does not change the black-body radiation:

However, since the surface is in equilibrium, we must have the sum of 
the incident energy (again given by Bν) equal to the reflected plus 

absorbed radiation:

These two relations together prove Kirchoff’s law in this idealized 
setting. “The law is strictly valid only within an isothermal enclosure in 
thermodynamic equilibrium. However ... it has much broader validity 
and for practical purposes may be considered to be an exact 
relationship for planetary surfaces.” (Thomas and Stamnes, p133).  

R! + " ! = B!

B! = " ! + R!
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Black Body Radiation: A Closer Look
Appendix

(A) Notes on integration over solid angles on page 19:

The three dimensional integration d3k can be written as:

where���� is the azimuthal angle,��  the polar angle.

(B) Proof of Wien’s displacement law:

The black body radiance Bv  of page 20 can be rewritten in terms of a 
new dimensionless variable: 

f (!k)d3k= f (k)(k sin(θ)dφ)(kdθ)dk
= f (k)k2dk sin(θ)dφdθ
= f (k)k2dkdΩ

η = βh̄ω =
h̄ω
kT
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Black Body Radiation: A Closer Look
Appendix

kT! "#! ==hh

After a little algebra we obtain:

Thus the radiance is a product of T3 times a function of the 
dimensionless variable η.  (see next page for a picture)

Since           

is proportional to (ηT), and the maximum of the curve occurs at a 
fixed value of �� , then as we change the temperature T, the 
frequency �� at the maximum of the curve increases linearly with T 
(Wien’s displacement law)

()3322()()41ekTPace! ! "" #$%=&'( )*hh

B! (T ) =
2h̄
4" 2c2

(
kT
h̄

)3 #3

(e#−1)

ν =
kT
h
η
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From Reif: Figure 9.13.1 
(page 375)

η3

eη−1


